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1 Introduction

Let (X, |-|) be an infinite dimensional Banach space and £(X) be the space
of bounded linear operators from X into X. Suppose that r > 0 is a given
real number. C ([—7,0],X) denotes the space of continuous functions from
[—7,0] to X with the uniform convergence topology and we will use simply
Cx for C([-r,0],X). For u € C([-r,b],X), b > 0 and t € [0,b], let u;
denote the element of Cx defined by u:(6) = u(t +6), —r < 6 <0.

By an abstract semilinear functional differential equation on the space
X, we mean an evolution equation of the type

dt

du
{ (t) = Agult) + Flt,u), ¢ >0, 0
ug = ¢,

where Ay : D(4p) € X — X is a linear operator, F' is a function from
[0,+00) x Cx into X and ¢ € Cx are given. The initial value problem
associated with (1) is the following : given ¢ € Cx, to find a continuous
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function w : [—-r,h) — X, h > 0, differentiable on [0, k) such that u(t) €
D(Ay), fort € [0, h) and u satisfies the evolution equation of (1) for t € [0, h)
and ug = ¢.

It is well-known (see for example [65] and [67]) that the classical semi-
group theory ensures the well posedness of Problem (1) when Ay is the infin-
itesimal generator of a Cp-semigroup of bounded linear operators (Tp(t)),
in X or, equivalently when -
(i) D(4o) = X,

(ii) there exist Mo, wpy € IR such that if A > wy (M — Ag)~! € £(X) and

[(A—wo)" (AT — Ag)™"|| < My, VneN.

In this case one can prove existence and uniqueness of a solution of (1), for
example by using the variation-of-constants formula ([65], [67])

u(t) = { To(t)(0) + [ To(t — s)F (s, us)ds, if t >0,
o(t), if t € [—r,0],

for every ¢ € Cx.

For related results, see for example Travis and Webb [65], Webb [66],
Fitzgibbon [43], Kunish and Schappacher ([49], [50]), Memory ([53], [54]),
Wu [67], and the references therein. In all of the quoted papers, Ay is an
operator verifying (i) and (ii). In the applications, it is sometimes con-
venient to take initial functions with more restrictions. There are many
examples in concrete situations where evolution equations are not densely
defined. Only hypothesis (ii) holds. One can refer for this to [40] for more
details. Non-density occurs, in many situations, from restrictions made on
the space where the equation is considered (for example, periodic continuous
functions, Holder continuous functions) or from boundary conditions (e.g.,
the space C' with null value on the boundary is non-dense in the space of
continuous functions). Let us now briefly discuss the use of integrated semi-
groups. In the case where the mapping F' in Equation (1) is equal to zero,
the problem can still be handled by using the classical semigroups theory
because Ag generates a strongly continuous semigroup in the space D(Ayp).
But, if F' # 0, it is necessary to impose additional restrictions. A case which
is easily handled is when F' takes their values in D(Ap). On the other hand,
the integrated semigroups theory allows the range of the operators F' to be
any subset of X.




Example 1 Consider the model of population dynamics with delay described
by

(t,a) € 0,77, x[0,1],
u(t, 0) =0, telo,T],
0,a) € [-r,0] x[0,1], 2

where ¢ is a gwen function on Cx = C ([—r,0],X), with X =C ([0,1], R).
By setting V (t) = u(t,-), we can reformulate the partial differential problem
(2) as an abstract semilinear functional differential equation

{ V() = AV () + F(LV:),  te0,T], ®)
‘/0 =pc CXa

where

{ D(AO) = {u ect ([Ovl]’B); u(O) = O}a
Aou = —u/,

and F : [0,T] x Cx — X is defined by F(t,¢)(a) = f(t,a,o(,a)) fort €
[0,T], ¢ € Cx and a € [0,1].

Example 2 Consider the following ecological model taken from [67] and it’s
described by the following reaction-diffusion equation with delay:

g::(t,x) = Au(t,z) + f(t,z,u(-,2)), t€[0,T], =€,
u(t,x) =0, te0,T], v € 09,

u(f,z) = ¢(0, ), 0ecl-r0], xeQ, (4)

where Q C IR™ is a bounded open set with reqular boundary 02, A is the
Laplace operator in the sense of distributions on ) and  is a given function
on Cx :=C([-r,0], X), with X =C (Q, R).

The problem (4) can be reformulated as the abstract semilinear functional
differential equation (3), with

D(AO):{uEC(ﬁ,]R); AuGC(ﬁ,R) and u =0 onaﬁ},
Agu = Au,

and F : [0,T] x Cx — X s defined by F(t,¢)(z) = f(t,z,(-,x)) for
te0,T], ¢ € Cx and x € Q.



In the two examples given here, the operator Ay satisfies (ii) but the do-
main D(Ap) is not dense in X and so, Ay does not generate a Cp—semigroup.
Of course, there are many other examples encountered in the applications
in which the operator Ay satisfies only (ii) (see [40]).

We will study here the abstract semilinear functional differential equa-
tion (1) in the case when the operator Ay satisfies only the Hille-Yosida
condition (ii). After providing some background materials in Section 2, we
proceed to establish the main results. A natural generalized notion of solu-
tions is provided in Section 3 by integral solutions. We derive a variation-
of-constants formula which allows us to transform the integral solutions of
the general equation to solutions of an abstract Volterra integral equation.
We prove the existence, uniqueness, regularity and continuous dependence
on the initial condition. These results give natural generalizations of re-
sults in [65] and [67]. In Section 4, we consider the autonomous case. We
prove that the solutions generate a nonlinear strongly continuous semigroup,
which satisfies a compactness property. In the linear case, the solutions are
shown to generate a locally Lipschitz continuous integrated semigroup. In
Section 5, we use a principle of linearized stability for strongly continuous
semigroups given by Desh and Schappacher [41] (see also [58], [59] and [61])
to study, in the nonlinear autonomous case, the stability of Equation (1). In
Section 6, we show in the linear autonomous case, the existence of a direct
sum decomposition of a state space into three subspaces : stable, unstable
and center, which are semigroup invariants. As a consequence of the results
established in Section 6, the existence of bounded, periodic and almost pe-
riodic solutions is established in the sections 7 and 8. In the end, we give
some examples.

2 Basic results

In this section, we give a short review of the theory of integrated semigroups
and differential operators with non-dense domain. We start with a few
definitions.

Definition 3 [34] Let X be a Banach space. A family (S(t))i>0 C L(X) is
called an integrated semigroup if the following conditions are satisfied :

(i) 5(0) = 0;

(ii) for any x € X, S(t)x is a continuous function of t > 0 with values in
X;

(iii) for anyt,s >0 S(s)S(t) =§ (S(t+7)— S(7))dr.



Definition 4 [34] An integrated semigroup (S(t)):>0 is called exponentially
bounded, if there exist constants M > 0 and w € IR such that

1S(t)]| < Me“t  for t > 0.

Moreover (S(t))i>0 is called non-degenerate if S(t)x = 0, for all t > 0,
implies that © = 0.

If (S(t))+>0 is an integrated semigroup, exponentially bounded, then the
Laplace transform R()) := A\ e S (¢)dt exists for all A with Re(\) > w.
R(A) is injective if and only if (S(¢)):>0 is non-degenerate. R(\) satisfies
the following expression

R(A) = R(p) = (n = M R(A)R(w),

and in the case when (S(t)):>0 is non-degenerate, there exists a unique
operator A satisfying (w, +00) C p(A) (the resolvent set of A) such that

R(\) = (M — A)7L, for all Re(\) > w.

This operator A is called the generator of (S(t)):>0.
We have the following definition.

Definition 5 [34] An operator A is called a generator of an integrated semi-
group, if there exists w € IR such that (w,+00) C p(A), and there exists a
strongly continuous exponentially bounded family (S(t))e>0 of linear bounded
operators such that S(0) = 0 and (M — A)~! = X\[®e MS(t)dt, for all
A>w.

Remark 1 If an operator A is the generator of an integrated semigroup
(S(t))t>0, then VA € IR, A— X is the generator of the integrated semigroup
(Sx(t))t>0 given by

Sx(t) = e MS(t) + A /t e S(s) ds.
0

Proposition 6 [3/] Let A be the generator of an integrated semigroup (S(t))s>o.

Then for all z € X and t > 0,

/0 t S(s)zds € D(A) and S(t)x = A ( /0 t S(s)xds) + .



Moreover, for all x € D(A), t >0
S(t)x € D(A) and  AS(t)x = S(t)Ax,

and

S(t)r =tx + /t S(s)Ax ds.
0

Corollary 7 [34] Let A be the generator of an integrated semigroup (S(t))¢>0-
Then for all z € X and t > 0 one has S(t)x € D(A).

Moreover, for x € X, S(-)z is right-sided differentiable in t > 0 if and only
if S(t)x € D(A). In that case

S'(t)yr = AS(t)x + .

An important special case is when the integrated semigroup is locally
Lipschitz continuous (with respect to time).

Definition 8 [52] An integrated semigroup (S(t))i>0 is called locally Lip-
schitz continuous, if for all T > 0 there exists a constant k(7) > 0 such
that

|S(t) — S(s)|| < k(r) |t —s]|, forallt,se0,7].

In this case, we know from [52], that (S(t)):>0 is exponentially bounded.

Definition 9 [52] We say that a linear operator A satisfies the Hille- Yosida
condition (HY) if there exist M > 0 and w € IR such that (w,4+00) C p(A)
and

sup {()\ —w)" H()\I —A)™"

,meN, A>wh <M. (HY)

The following theorem shows that the Hille-Yosida condition character-
izes generators of locally Lipschitz continuous integrated semigroups.

Theorem 10 [52] The following assertions are equivalent.
(1) A is the generator of a locally Lipschitz continuous integrated semigroup,
(ii) A satisfies the condition (HY).

In the sequel, we give some results for the existence of solutions of the
following Cauchy problem

du
{ = () = Au(t) + f(1), t>0, (5)
u(0) =z € X,



where A satisfies the condition (HY), without being densely defined.

By a solution of Problem (5) on [0,7] where 7" > 0, we understand a
function u € C! ([0, 7], X) satisfying u(t) € D(A) (t € [0,T]) such that the
two relations in (5) hold.

The following result is due to Da Prato and Sinestrari.

Theorem 11 [40] Let A: D(A) C X — X be a linear operator, f : [0,T] —
X, x € D(A) such that

(a) A satisfies the condition (HY).

(b) f(t) = f(0)+ fg g(s)ds for some Bochner-integrable function g.

(c) Az + f(0) € D(A).

Then there exists a unique solution u of Problem (5) on the interval [0,T],
and for each t € [0,T]

wto) < M (fal + [ 5s)1as).

In the case where x is not sufficiently regular (that is, x is just in D(A))
there may not exist a strong solution u(t) € X but, following the work of Da
Prato and Sinestrari [40], Problem (5) may still have an integral solution.
Definition 12 [/0] Given f € L}, (0,400; X) and z € X, we say that
u : [0,400) — X is an integral solution of (5) if the following assertions
are true
(i) u € C([0, +00); X),

(ii) ju(s)ds € D(A), fort >0,
(iii) u(t) = = + Afju(s)ds +}, f(s)ds, fort>0.

From this definition, we deduce that for an integral solution wu, we
have u(t) € D(A), for all t > 0, because u(t) = h — Olim%?hu(s)ds and
thu(s)ds € D(A). In particular, z € D(A) is a necessary condition for the
existence of an integral solution of (5).

Theorem 13 [37] Suppose that A satisfies the condition (HY), x € D(A)
and f:[0,+00) — X is a continuous function. Then the problem (5) has a
unique ntegral solution which is given by

d t
u(t) = S'(t)x + dt/o S(t—s)f(s)ds, pourt >0,



where S(t) is the integrated semigroup generated by A.
Furthermore, the function u satisfies the inequality

lu(t)] < Met <|x +/t e—w\f(s)yds>, fort >0,
0

Note that Theorem 13 also says that fg S(t — s)f(s)ds is differentiable
with respect to t.

3 Existence, uniqueness and regularity of solutions

We restate the problem

du
= >
{ L) = Agu(t) + F(t, ), t>0, Q)
up = ¢ € Cx,

where F': [0,T] x Cx — X is a continuous function.

Throughout this work, we assume that Ag satisfies the Hille-Yosida condition
on X :

(HY) there exist My > 0 and wy € IR such that (wp, +00) C p(Ap) and

sup { (A — wo)™ [|(AI — 4g)™"|

,nGN,/\>wo}§M0.

We know from Theorem 10 that Ag is the generator of a locally Lip-
schitz continuous integrated semigroup (So (t)),~o on X, (and (So (t));>¢ is
exponentially bounded). - B

In view of the remark following Definition 5, we will sometimes assume
without loss of generality that wg = 0.

Consider first the linear Cauchy problem

u'(t) = Aou(t), t >0,
ug = € Cx.

This problem can be reformulated as a special case of an abstract semilinear
functional differential equation with delay. This is

{ u'(t) = (Aug) (0), t>0,
ug = ¢,
where

{ D(A) = {p €C' ([-r,0],X); »(0) € D(A), ¢'(0)=Aop(0)},
Ap = .



We can show, by using the next result and Theorem 10, that the operator
A satisfies the condition (HY).

Proposition 14 The operator A is the generator of a locally Lipschitz con-
tinuous integrated semigroup on Cx given by

D (s)ds + So(t+0)p(0),  t+6 >0,
(S(t)p) (0) = { Zt+e(p(8) ds. fo=0

fort>0,6¢€[-r0 and ¢ €Cx.

Proof. It is easy to see that (S(f));>, is an integrated semigroup on Cx.
Consider 7 > 0, t,s € [0, 7] and ¢ €Cx.
Ift+6>0and s+ 6 >0, we have

(S (1) @) (0) = (5(s))(0) = So(t + 0)p(0) — So(s + 0)(0).

It follows immediately that there exists a constant k := k(7) > 0 such that

(S () ) (0) = (S(s)¢) ()] < k|t — 5[ |(0)],

because (So(t))¢>0 is Lipschitz continuous on [0, 7].
Ift+60 <0and s+ 60 <0, we have

(S () @) () — (S(s)e) (B)] = 0.
Ift+6>0and s+ 6 <0, we obtain
0
(S (8) @) (0) — (S(s)) () = So(t + 0)p(0) + / o(u)du,
s+60

then

(S (@) @) (0) — (S()p) (O)] < k(£ +0) [(0)] = (s +0) Il
This implies that
15 (8) = S(s)| < (B +1) [t — s
It may be concluded that (S(t)):>0 is locally Lipschitz continuous.

In order to prove that A is the generator of (S(t))i>0, we calculate the
spectrum and the resolvent operator of A.



Consider the equation
()\I - A) Y= wa

where 1 is given in Cx , and we are looking for ¢ € D(A). The above
equation reads

Ap(0) = ¢'(0) = (0), 0 €[-r0].

Whose solutions are such that
0
p(0) = Np(0) + [ O Iu(s)ds, 0 € -0,
(%
¢ isin D(A) if p(0) € D(Ap) and ¢'(0) = App(0), that is

(0) € D(Ao) d (AT = Ao) p(0) = (0).

By assumption on Ag, we know that (0,4o00) C p(Ao) So, for A > 0, the
above equation has a solution ¢ (0) = (Al — Ag)~ 1(0).
Therefore, (0,+00) C p(4) and

(()\I _ Ay w) (0) = X (AL — Ag) L (0) + /90 X0=94(5)ds,

for 6 € [—r,0] and A > 0.

On the other hand, from the formula stated in Proposition 14, it is clear
that ¢ — (S(t)¢) (0) has at most exponential growth, not larger than wy = 0.
Therefore, one can defined its Laplace transform, for each A > 0. We obtain

F (S () ) (0) dt = [0 e [ p(s)dsdt + [T e [ o(s)ds dt
+ [T e Sy t+0) (0) dt.

Integrating by parts the first expression, it yields

0TSO O) dt =~ [y pls)ds 3 [} X0 p(s)ds
+5- fg o(s) ds+f0+o° M0=9) 8 (5)(0)ds,

= 22 (e pls)ds + i e Sols)p(0)ds)
%( 00 “Aso(s)ds + (A — Ag) ™ 80(0)>’

(Ar=a)"¢) 0.

>| =

10



So, A is related to (S(t));>o by the formula which characterizes the infini-
tesimal generator of an integrated semigroup. The proof of Proposition 14
is complete W

Our next objective is to construct an integrated version of Problem (1)
using integrated semigroups. We need to extend the integrated semigroup
(S(t))e>0 to the space Cx = Cx @ (Xo), where
(Xo) = {Xoc, c€ X and (Xpc) (0) = Xo(0)c} and X denotes the function
defined by Xo(0) = 0 if 6 < 0 and X¢(0) = Idx. We shall prove that this
extension determines a locally Lipschitz continuous integrated semigroup on
Cx.
Proposition 15 The family of operators (§(t))t20 defined on Cx by

S(t)p = S(t)p, for o €Cx

and

= _ So(t+0)c, ift+6>0,
(S(t)XOC) 0) = { 0, ift+6<0, forceX,

is a locally Lipschitz continuous integrated semigroup on Cx generated by
the operator A defined by

D(A) = {p e C'([-,0],X); ¢(0) € D(Ap)},
Ap = ¢’ + Xo (Aop(0) — ¢'(0)) .

Proof. Using the same reasoning as in the proof of Proposition 14, one can

show that (S(t))¢>0 is a locally Lipschitz continuous integrated semigroup
on Cy.
The proof will be completed by showing that

(0,400) C p(A) and
-1 - ~
()\I — A) P = )\f(;roo e MS(t)gdt, for A > 0 and @ € Cy.
For this, we need the following lemma.

Lemma 16 For A > 0, one has
(i) D(A) = D(A)@<e)"> , where (e*) = {eN¢; ¢ € D(Ay), (e*c)(0) = eMc},
(7i) (0,400) C p(A) and

(A = A) 7+ Xoc) = (M — A) o+ M (A = Ag) e,
for every (p,c) € Cx x X .

11



Proof of the lemma. For the proof of (i), we consider the following
operator
l:D(A) - X
= 1) = Aop(0) — ¢'(0).
Let W € D(A) and A > 0. Setting ¥ = ¥ — e*(AI — Ag) ~1(¥), we deduce

that ¥ € Ker(l) = D(A), and the decomposition is clearly unique.
(ii) Consider the equation

()\I — /~1> ((p + e)"c) = + Xya,

where (¢, a) is given, ¢ € Cx, a € X, and we are looking for (¢, ¢), p €
D(A), ce€ D(Ay).
This yields

(M — A) o + Xede— XeMe — Xg (Age — Ae) = ¥ + Xoa,

which has the solution

{ o= —A)"y,
c= (M — 4y

Consequently,

(0, +00) C p(A),
~\ —1
()\I - A) (0 + Xoc) = (M — A) Lo+ X (A — Ay) e

This complete the proof of the lemma W
We now turn to the proof of the proposition. All we want to show is

~1 ~
that X ()\I A) ¢ can be expressed as the Laplace transform of S(t)g.

In view of the decomposition and what has been already done for A, we may
restrict our attention to the case when ¢ = Xgc. In this case, we have

((AI - A)—lxoc) (@) =M (M — Ag) e
= XM [P e MG, (t)edt,
=\ [T e AS(t + 0)cdt,
)\ f0+°° (S Xoc) (6) at,

which completes the proof of the proposition W
We will need also the following general lemma.

12



Lemma 17 Let (U(t))i>0 be a locally Lipschitz continuous integrated semi-
group on a Banach space (E,||) generated by (A, D(A)) and G : [0,T] —
E (0 < T), a Bochner-integrable function. Then, the function K : [0,T] —
E defined by

t
K(t) = / U(t—s)G(s)ds
0
is continuously differentiable on [0,T] and satisfies, fort € [0,T7],
1 t t
(i) K'(t)=h> Olimh/ U'(t—s)U(h)G(s)ds =\ — +oolim/ U'(t —
0 0

s)(A\G(s)) ds,

with Ay = XA\ — A)™

(i) K(t) € D(A), .

(iii) K'(t) = AK(t) + [, G(s)ds.

Proof. Theorem 13 implies that K is continuously differentiable on [0, 77,
and for the prove of (ii) and (iii), see [37], [47] and [63]. On the other hand,
we know by the definition of an integrated semigroup that

t
UOU M = [ U(s+ 1)z - Uls)a) ds
0
for t,h > 0 and x € E. This yields that the function ¢ — U(¢)U(h)x is
continuously differentiable on [0, 7], for each h > 0; x € E, and satisfies
U'Uh)z=U(t+h)xz —U(t)z.

Furthermore, we have
1 t
K'(t) = h,0lim (h/ (Ut+h—s)—U(t—s))G(s)ds
0

+ /:M Ut +h— )G(s) ds> .

If we put, in the second integral of the right-hand side, u = %(s —t), we
obtain
1

t+h 1
h/t U(t+h—s)G(s)ds:/0 Uh(1 — w)G(t + hu) du.

This implies that

1 t+h
h ™\, Olimﬁ / U(t+h—s)G(s)ds =0.
t

13



Hence
t
K'(t) = h o1im2/ (U(t+h—s) = Ut — ) G(s) ds.
0
But
Ult+h—s)—Ult—s) = U'(t — s)U(h).
It follows that, for ¢ € [0, 7]

¢
1
K'(t) = h\, Olim/ U'(t — S)EU(h)G(s) ds.
0
For the prove of the last equality of (i), see [64] W
We are now able to state a first result of existence and uniqueness of
solutions.

Theorem 18 Let F : [0,T] xCx — X be continuous and satisfy a Lipschitz
condition

[F(t,p) = F(t, )| < Llle=9l, t<€l0,T] and ¢,¢ € Cx,

where L is a positive constant. Then, for given ¢ € Cx, such that ¢(0) €
D(Ay), there exists a unique function y : [0,T] — Cx which solves the
following abstract integral equation

d '~
y(0) =S+ 5 [ 8- XoFGsylo)ds, forte0.1). (©)
0
with (S(t)),~ given in Proposition 14 and <§(t)> 0 in Proposition 15.
> >

Proof. Using the results of Theorem 13, the proof of this theorem is stan-
dard.

Since ¢(0) € D(Ap), we have ¢ € D(A), where A is the generator of
the integrated semigroup (S(t)),~, on Cx. Then, we deduce from Corol-
lary 7 that S(-)p is differentiable and (S'(t)),~, can be defined to be a

Co-semigroup on D(A).
Let (y™)nen be a sequence of continuous functions defined by

yo(t) = S/(t)% N le [OvT}
y'(t) = S' () + & [1S(t — ) XoF(s,y" (s))ds, t€[0,T], n>1.

14



By virtue of the continuity of F' and S’(-)p, there exists a > 0 such that
’F(s,yo(s)’ < a, for s € [0,7]. Then, using Theorem 13, we obtain

|yl(t) _yo(t)‘ < Mo/ ‘F(S,yo(s)} ds.
0

Hence
|y (t) = 4°(8)] < Moat.

In general case we have

™ (8) — v (0)| < MoL / [N (s) — 5" 2(s)| ds.
0

So,

£
[y"(#) =y (@) < Mg L™ e,

Consequently, the limit y := n — oolimy™(¢) exists uniformly on [0,7] and
y : [0,T] — Cx is continuous.

In order to prove that y is a solution of Equation (6), we introduce the
function v defined by

o) =|oto) - $'t0 — 35 [ S0 -9 X0F (5005 ds

We have
o(t) < Jy(t) —y ()| + y”“( )= S'(t)p — & [1S(t— s)XoF(s,y(s)) ds|,

<y =yt + | L fy St - s)Xo (F(s,y(s)) *F(S,y"(S)))d8(7
<yt =yt )| + MoL [ y(t) — y™(t)] .

Moreover, we have

y(t) —y"(t) =p=nd>_ (") - " (1))

This implies that

oo
o(t) £ (14 MoL) §p =n>> (ML) iy + & (Mo L) iy, for m € .

Consequently we obtain v = 0 on [0, 7.
To show uniqueness, suppose that z(t) is also a solution of Equation (6).
Then

ly(t) — 2(t)| < MOL/O ly(s) — z(s)| ds.

By Gronwall’s inequality, z =y on [0,7] B

15



Corollary 19 Under the same assumptions as in Theorem 18, the solution
y : [0,T] — Cx of the abstract integral equation (6) is the unique integral
solution of the equation

{ y'(t) = Ay(t) + XoF(t,y(t), t >0,

y(0) = ¢ € Cx,

1.€.
(i) v € C([0.7];Cy).
(ii) fy(s)ds € D(A), forte[0,T],
(iii) y(t) = ¢ + Aby(s)ds + Xob F (s, y(s))ds, forte[0,T],
where the operator A is given in Proposition 15.
Furthermore, we have, for t € [0,T],

()] < Mo (nm +f |F<s,y<s>>rds) |

Proof. If we define the function f : [0,7] — Cx by f(s) = XoF(s,y(s)),
we can use Theorem 13 and Theorem 18 to prove this result W

Corollary 20 Under the same assumptions as in Theorem 18, the solution
y of the integral equation (6) satisfies, for t € [0,T] and 0 € [—r,0] the
translation property

[ yt+0)(0) ift+6=>0,
y(t)(e)—{ ot+0)  ift+0<o.

Moreover, if we consider the function u: [—r,T| — X defined by

_ [ y@®)(0) ift>0,
ult) = { i(t) ift<0.

Then, u is the unique integral solution of the problem (1), i.e.

(i)UGC([ 175 X),
(ii) gu(s)ds E D(Ay), forte[0,T7],
©(0) + Aobu(s)ds +4 F(s,us)ds, forte[0,T],
W= o, jorvel-ra. @
The function u € C([—r,T]; X) is also the unique solution of

/ So(t — s)F(s,us)ds, forte|0,T],
go(t), forte[—r,0]. (8)
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Furthermore, we have for t € [0, T

t
nmum%@m+éuwwmw)

Conversely, if u is an integral solution of Equation (1), then the function
t — uy is a solution of Equation (6).

Proof. From Proposition 14 and Proposition 15, we have for t +6 > 0

t+0
y(1)(0) = %@+®w®+do+%@+9—$ﬂ&M$M&

dt
- y(t + 9)@(0)7
and for t + 6 < 0, we obtain fg (g(t—s)XoF(s,y(s))> (#) ds = 0 and
(S(t)p) () = ¢(t + ). Hence
y(£)(0) = o(t +0).
The second part of the corollary follows from Corollary 19 W

Remark 2 A continuous function u from [—r,T| into X is called an integral
solution of Equation (1) if the function t — w, satisfies Equation (6) or
equivalently u satisfies (7) or equivalently u satisfies (8).

Corollary 21 Assume that the hypotheses of Theorem 18 are satisfied and
let u, w be the functions given by Corollary 20 for ¢, p € Cx, respectively.
Then, fort € [0,T]

Jug — || < Moe™ || — || -

Proof. This is just a consequence of the last inequality stated in Corollary
20. After the equation (6) has been centered near u, we obtain the equation

d [t~
o(t) = S'(t) (G — ) + dt/o St — 5)Xo (F(s,us +v(s)) — F (s,u5) ) ds,

with
U(t) = ﬂt — Ut.
This yields
¢
[v()]] < Mo <||s0 — &l +/0 [F'(s,us) — F(s,Us)| d5> :
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this is .
o= < Mo (o = @1+ L [ s =l ds).
By Gronwall’s inequality, we obtain
lus — @l < Moe" o — 2| ®m
We give now two results of regularity of the integral solutions of (1).

Theorem 22 Assume that F : [0,T] x Cx — X s continuously differen-
tiable and there exist constants L, 3,y > 0 such that

|DF(t, ) = D F(t,0) < vl =¥,

for allt € [0,T] and ¢, € Cx, where DiF' and D F denote the derivatives.
Then, for given ¢ € Cx such that

©(0) € D(Ap), ¢ €Cx, ¢'(0) € D(Ag) and ¢'(0) = Aop(0) + F(0, ),

let y : [0,T] — Cx be the solution of the abstract integral equation (6) such
that y(0) = ¢. Then, y is continuously differentiable on [0,T] and satisfies
the Cauchy problem

{ y'(t) = Ay(t) + XoF(t,y(t)), t<[0,T],
y(0) = ¢.

Moreover, the function u defined on [—r,T] by
_ [y ift=0,
u(t) = { o(t) ift <0,
is continuously differentiable on [—r,T| and satisfies the Cauchy problem
(1).

Proof. Let y be the solution of Equation (6) on [0, 7] such that y(0) = ¢.
We deduce from Theorem 18 that there exists a unique function v : [0,7] —
Cx which solves the following integral equation

d

v(t) = S'(t)¢" + dt/o S(t — 5)Xo (DF(5,9(5)) + D F(5,y(s5))u(s)) ds,
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such that v(0) = ¢'.
Let w : [0,7] — Cx be the function defined by

w(t) =¢ —|—/0 v(s)ds, fort e [0,T].

We will show that w =y on [0, T7].
Using the expression satisfied by v, we obtain

w(t) = g0+fOS’ )¢’ ds
+ Jo S(t = )Xo (DiF(s,y(s)) + D (s,y(s))v(s)) ds,
= p+ Sty + fo (t —8)Xo (DeF(s,y(s)) + DoF(s,y(s))v(s)) ds.

On the other hand, we have ¢ € D(A) and ¢'(0) = Agp(0) + F(0, ), then
¢ = Ap+ XoF(0,p). This implies that

S(t)¢' = S(t)¢' = S(t)Ap + S(H)XoF (0, ¢).
Using Corollary 7, we deduce that
S(t)e' = 5'(t)p — @ + S(H)XoF (0, ).
Furthermore, we have

4 Jo St —8)XoF(s,w(s)) ds = 5 [o S(s)XoF (s, w(t — s)) ds

= [7 S(t — 8)Xo [DiF (s, w(s)) + DyF(s,w(s))] v(s)ds + S(t)Xo F(0, ).
Then

w(t) = S'(t)e+ 5 fo XoF (s,w(s))ds
—fo (t —5)Xo (DtF( w(s)) + DpF (s, w(s))v(s)) ds
+ Jo S(t = )Xo (DeF(s,y(s)) + D F(s,y(s))v(s)) ds

= St (p—i— % fo S)XOF(S,w( ))ds
+fo (t—s) Xo( t1'(s,y(s)) — DeF'(s,w(s))) ds
+ Jo S(t = 5)Xo (D, F(s,y(s)) D o (s,w(s)))v(s) d

We obtain

w(t) —y(t) = F fo (t — 5)Xo (F(s,w(s)) — F(s,y(s))) ds
+f0 (t — $)Xo (DyF(s,y(s)) — D;F(s,w(s))) d
+ Jo S(t = )Xo (D F(5,y(5)) = DpF (s, w(s))) v <s> ds.
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So, we deduce

jw(t) —y(t)] < Mo/O (L+B+7v(s)]) [w(s) —y(s)| ds.

By Gronwall’s inequality, we conclude that w = y on [0,7]. This implies
that y is continuously differentiable on [0, 7.

Consider now the function g : [0,7] — Cx defined by ¢(t) = XoF (¢, y(t))
and consider the Cauchy problem

{ Z(t) = Az(t) + g(t), t€[0,17,

2(0) = o, )

The assumptions of Theorem 22 imply that ¢ € D(g), Ap + g(0) € D(Z)
and g is continuously differentiable on [0, T]. Using Theorem 11, we deduce
that there exists a unique solution on [0, 7] of Equation (9). By Theorem
13, we know that this solution is given by

() = S'(H)p + i/o St — 8)g(s)ds.

Theorem 18 implies that z = y on [0, 7.
If we consider the function u defined on [—r, T by

_ Jy®)(0) ift =0,
u(t) = { of)  ifi<0

By virtue of Corollary 20, we have fg u(s)ds € D(Ap) and
t t
u(t) = ¢(0) + Ao/ u(s)ds —|—/ F(s,us)ds, for t € [0,T].
0 0
We have also the existence of
1 t+h
h — OlimAq <h / uls) ds> — W (t) — Pt ).
t
Furthermore, the operator Ay is closed. Then, we obtain u(t) € D(Ap) and

u'(t) = Aou(t) + F(t,ug), fort € [0,T].

The second part of the theorem is a consequence of Corollary 19 B
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Assume that T > r and Ay : D(Ag) € X — X satisfies (with not
necessarily dense domain) the condition

there exist 8 € ]g, 77[ and My > 0 such that if

A€ C—{0} and |arg A| < 3, then (10)
| = 407 < 1.

The condition (10) is stronger than (HY).
We have the following result.

Theorem 23 Suppose that Ao satisfies (10) (non-densely defined) on X
and there exist a constant L > 0 and o € 10, 1 such that

[F(t,9) = F(s, o)l < L(|t — 5| + [[v — ¢l])

fort,s €[0,T] and 1, p € Cx.
Then, for given ¢ € Cx, such that p(0) € D(Ay), the integral solution u of
Equation (1) on [0,T] is continuously differentiable on (r,T| and satisfies

u(t) € D(Ap), u/'(t) € D(Ap) and
u'(t) = Aou(t) + F(t,uy),  forte (r,T].

Proof. We know, from ([48], p.487) that Ay is the generator of an analytic
semigroup (not necessarily Cp—semigroup) defined by

ot = L M — Ag) "t t>0
211 +C
where +C' is a suitable oriented path in the complex plan.
Let u be the integral solution on [0, 7] of Equation (1), which exists by
virtu of Theorem 18, and consider the function g : [0,7] — X defined by
g(t) = F(t,ut). We deduce from ([60], p.106) that

t
u(t) = et (0) +/ M3 g(s)ds, for t €[0,T].
0

Using (Theorem 3.4, [62]), we obtain that the function u is y—Hb&lder con-
tinuous on [e, 7] for each € > 0 and v € ]0,1[. Hence, there exists L; > 0
such that

lug — us|| < Ly |t — |7, fort,se (r,T].
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On the other hand, we have
9(t) = g($)] < L(|t — 5" + [lue — usll), fort,s €[0,T].

Consequently, the function ¢ € (r,T] — g(t) is locally Holder continuous.
By virtue of (Theorem 4.4 and 4.5, [62]), we deduce that u is continuously
differentiable on (r,T] and satisfies

u(t) € D(Ap), u/'(t) € D(Ap) and
u'(t) = Agu(t) + F(t,ug), forte (r, 7] MNA

We prove now the local existence of integral solutions of Problem (1)
under a locally Lipschitz condition on F.

Theorem 24 Suppose that F : [0,+00) x Cx — X is continuous and sat-
isfies the following locally Lipschitz condition : for each o > 0 there exists
a constant Co(a) > 0 such that if t > 0, p1,92 € Cx and ||g1]],[|e2] < «
then

Pt 1) — F(t, 92)] < Col0) o1 — 2]

Let ¢ € Cx such that p(0) € D(Ag). Then, there exists a mazimal interval of
existence [—r, T, [, T, > 0, and a unique integral solution u(., ) of Equation

(1), defined on [—r,T,[ and either

T, = 400 or t — T, limsup |u(t, p)| = +oo0.

Moreover, u(t, ) is a continuous function of , in the sense that if p € Cx,
©(0) € D(Ag) and t € [0,T,], then there exist positive constants L and e
such that, for ¢ € Cx, ¥(0) € D(Ap) and ||¢ — Y| < &, we have

€ [0, Ty[ and |u(s,p) —uls, )| < Ll =l for all s € [-rt].

Proof. Let T7 > 0. Note that the locally Lipschitz condition on F' implies
that, for each o > 0 there exists Cp(ar) > 0 such that for ¢ € Cx and
[l < a, we have

[F(t,0)] < Cole) el +|F(t,0)] < aCo(a) + s € [0, T1]sup [F(s,0)].

Let ¢ € Cx, ¢(0) € D(Ap), a = ||¢||4+1 and ¢; = aCy(a)+s € [0, T1]sup |F(s,0)].
Consider the following set

Zy={ueC([-r,T1],X) : u(s)
and 0 < s

= (s) if s € [-r0]
STlsup|u() p(0)| <1},
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where C ([—r,T1],X) is endowed with the uniform convergence topology.
It’s clear that Z, is a closed set of C ([—r,T1], X ). Consider the mapping

H:Z,—C([-r,T1],X)

defined by

H(u) (t) = So(t)p(0) + jtoso(t — 8)F(s,us)ds, forte[0,T1],
w(t), for t € [-r,0].

We will show that
H(Z,) C Z,.

Let u € Z, and t € [0,T1], we have, for suitable constants My and wq

t

H ) ()= 0) < 155(00p(0) = 9(0)| + | Salt — 9F (s, )],

< |95(1)p(0) = @(0)] + Moeg*te™0" |F (s, us)| ds.
We can assume, without loss of generality, that wg > 0. Then,
[H (u) () = (0)] < [Sp(t)p(0) — @(0)] + Moeg™" |F (s, us)| ds.

Since |u(s) — ¢(0)| <1, for s € [0,T1], and o = ||| + 1, we obtain |u(s)| <
a, for s € [-r,T1]. Then, ||us|]| < «, for s € [0,71] and

[F(s,us)| < Cole) [lus]| +[F(s, 0],
S C1.

Consider 71 > 0 sufficiently small such that
0 < s < Tisup {|S5(s)¢(0) — (0)] + Moe“*cys} < 1.
So, we deduce that

[H (u) (t) = ¢(0)] < [S5(t)p(0) — ¢(0)] + Moe*est
<1,

for ¢ € [0,71]. Hence,
H(Z,) C Z,.
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On the other hand, let u,v € Z, and t € [0,T}], we have

d t
|H (u) (t) — H (v) (t)] = ﬁoso(t — 8)(F (s, us) — F(Sv”s))ds‘ ;
< Mge(gott |F(S, us) - F(Sv US)’ ds,
< Mpe“0tCo () |Jus — vs | ds,
< Moe* Gy (a) Ty lu — vlleqpmy x) -

Note that a > 1, then

Moeonlc[)(Oé)Tl SMoew()TlClTl,
<0 < 5 < Tysup {|S)(s)9(0) — 9(0)] + Moeo*cys}
<1

Then, H is a strict contraction in Z,. So, H has one and only one fixed
point w in Z,. We conclude that Equation (1) has one and only one integral
solution which is defined on the interval [—r, T7].

Let u(.,¢) be the unique integral solution of Equation (1), defined on
it’s maximal interval of existence [0, T,[, T, > 0.

Assume that T, < +oo and ¢ — T limsup |u(t,¢)| < +oo. Then,
there exists a constant o > 0 such that ||u(t, )| < «, for t € [—r,T,[. Let
t,t+hel0,T,[, h>0,and 6 € [—r,0].

If t + 6 > 0, we obtain

[ut + 0+ h, ) —u(t +0,9)| < |(So(t + 6+ h) — Syt + 6))¢(0)]
dt+9+h 140

%O SO(t+9+h_S)F(5aus(a(p))d‘s_ i SO(t+9_S)F(S>uS("90))dS

+ dto

)

d t+60+h

< [1S5(t + )11 1S5(h)(0) = (O + |2
d t+6

o So(s) (F(utyorn—s,0) — Ft+0 —s,upr9s(.,))) ds| .

So()F(t+0+h — s, urorns(., p))ds

+

This implies that,

[uesn (0, ¢) — ue(0, )] < Moe T Sy (h)p(0) — 0(0)| + Moe*Tecyh
+MoeTe Co()f [[usn (- @) — us(. @) ds.

If t+ 6 < 0. Let hyg > 0 sufficiently small such that, for h € ]0, hg|

[utn (0, 0) —ue(0,0)] < —r <o < 0suplu(o + h, ) —u(o, ).
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Consequently, for ¢,t + h € [0,T,[, h €0, ho[;

[urin () —u @)l < 8(h) + Moeo™ (S5(h)p(0) — (0)] + c1h)
—|—M06“JOT*"CQ(OZ)6 HUS-Q-h(-a 90) - Us('v 90)H ds,

where
§(h) = —r < o < Osup |u(o + h, @) — u(o, ¢)]| .

By Gronwall’s Lemma, it follows

[uen () = ue(s @)l < B(R) exp [Co(a) MoeT# T, ] ,
with
B(h) = 3(h) + Mocr" [[Sh(R)p(0) — (0)] + 1]

Using the same reasoning, one can show the same result for A < 0.
It follows immediately, that

t — T limu(t, ) exists.

Consequently, u(., ) can be extended to T,, which contradicts the maxi-
mality of [0,T,].

We will prove now that the solution depends continuously on the initial
data. Let ¢ € Cx, ¢(0) € D(Ap) and t € [0,T,[. We put

a = 1_|__7"§ S gtsup|u(5a@)|

and
c(t) = Moe*" exp (Moe** Co(a)t) .

Let € € ]0,1] such that ¢(t)e < 1 and ¢ € Cx, ¥(0) € D(Ap) such that

le -9l <e.

We have
[l <ol +e<a.

Let
To=sup{s > 0: ||lus(.,¥)|| <« for o € [0,s]}.

If we suppose that Ty < t, we obtain for s € [0, Tp],
s (-, ) = us (- )| < Moe™ [ — ]|+ Moe** Co(ev) /0 lue (., ) — ue (., ¥)| do-
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By Gronwall’s Lemma, we deduce that

lus( ) = us( )| < e(@) o = ¢l (11)

This implies that
lus(.,¥)|| < c(t)e+a—1<a, forall se[0,Tp.

It follows that Tj cannot be the largest number s > 0 such that ||us(.,7)| <
a, for 0 € [0,s]. Thus, Ty > t and t < Ty. Furthermore, |lus(.,%)| < a,
for s € [0,¢], then using the inequality (11) we deduce the dependence
continuous with the initial data. This completes the proof of Theorem H

Theorem 25 Assume that F is continuously differentiable and satisfies the
following locally Lipschitz condition: for each o > 0 there exists a constant
Ci(a) > 0 such that if p1,02 € Cx and ||p1]], ||¢2] < a then

|F(t, 01) — F(t,02)| < Ci(a) le1 — 2,
|DiF(t,01) — DiF(t,02)| < Ci(a)|l¢1 — 2l
|D,F(t,01) — DyF(t,02)] < Ci(a) 1 — 2|

Then, for given p € Ck := C! ([-r,0],X) such that

©(0) € D(Ao), ¢'(0) € D(Ag) and ¢'(0) = Ap(0) + F(p),

let u(., ) : [-r,T,[ — X be the unique integral solution of Equation (1).
Then, u(., p) is continuously differentiable on [—r,T,| and satisfies Equation

(1).

Proof. The proof is similar to the proof of Theorem 22 W

4 The semigroup and the integrated semigroup in
the autonomous case

Let F be defined by

E:=DA) = {go cCx: o(0) ¢ D(AO)} .

Throughout this section we will suppose the hypothesis of Theorem 18 ex-
cept that we require F' to be autonomous, that is, F': Cx — X. By virtue
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of Theorem 18, there exists for each ¢ € F a unique continuous function
y(., ) : [0, +00) — X satisfying the following equation

d [t~
y(t) = S"(t)p + dt/ S(t—s)XoF(y(s))ds, fort>0. (12)
0
Let us consider the operator T'(t) : E — E defined, for ¢t > 0 and ¢ € E, by

T(t) () = y(t, ¢).
Then, we have the following result.

Proposition 26 Under the same assumptions as in Theorem 18, the family
(T'(t))e>0 s a nonlinear strongly continuous semigroup of continuous oper-
ators on E, that is

i) T(0) = Id,

ii) T(t+s)=T(t)T(s), for all t,s > 0,

iii) for all ¢ € E, T(t)(p) is a continuous function of t > 0 with values in
E7

iv) for allt >0, T'(t) is continuous from E into E.

Moreover,

v) (T'(t))i>0 satisfies, for t > 0, 8 € [—r,0] and ¢ € E, the translation
property

e ={ THrpEor di izt (13)

and
vi) there exists v > 0 and M > 0 such that,

IT(#)(01) = T(t)(p2) | < Me™ |01 — ol , for all 1,2 € E.

Proof. The proof of this proposition is standard.
We recall the following definition.

Definition 27 A Cyo—semigroup (T'(t))t>0 on a Banach space (X,|-|) is
called compact if all operators T(t) are compact on X fort > 0.

Lemma 28 Let (S(t))i>0 a locally Lipschitz continuous integrated semi-
group on a Banach space (X, |-|), (A, D(A)) its generator, B a bounded sub-
set of X, {Gx, A € A} a set of continuous functions from the finite interval
[0,T] into B, ¢ > 0 a constant and

d t—c

PA(t):% ; S(t—s)Ga(s)ds, forc<t<T+cand € A.
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Assume that S'(t) : (D(A),|-|) — (D(A),||) is compact for each t > 0.
Then, for eacht € (¢, T + c|, {Px(t), X € A} is a precompact subset of (D(A), ||).

Proof. The proof is similar to the proof of a fundamental result of Travis
and Webb [65]. Let H = {S’(t)x; tele,T+d, zeD(A), |z < kN}
where k is the Lipschitz constant of S(-) on [0,7] and N is a bound of
B. Using the same reasoning as in the proof of Lemma 2.5 [65], one can
prove that H is precompact in (D(A), |-|). Hence, the convex hull of H is
precompact. On the other hand, we have, from Lemma 17

Py(t) = h N\, Olim— / S'(t — 8)S(h)Gy(s) ds,

and, for each h > 0 small enough and ¢ € (¢,T + ¢| fixed, the set

{S’(s)}llS(h)G,\(t _s), seled], e A}

is contained in H. Then, the set

{ /5’ GAt—s)dsAeA}

is contained in the closed convex hull of (¢ — ¢)H. Letting h tend to zero,
the set
{P)\ (t)a A€ A}

is still a precompact set of D(A). Hence the proof is complete W

Theorem 29 Assume that S|(t) : (D(Ao),|:|) — (D(Ao),||) is compact
for each t > 0 and the assumptions of Theorem 18 are satisfied. Then, the
nonlinear semigroup (T'(t))>0 is compact on (E, ||.||c,) for every t > r.

Proof. Let {©x,A € A} be a bounded subset of E and let t > r. For
0 € [—r,0], we have t + 6 > 0. For each A € A, define y, by

yA()(0) = y(t, px)(0).

Then, we obtain

ya(t)(0) = Sp

(t+0)px(0) + & fo 7 So(t+ 0 — s)F(ya(s)) ds,
(t + 0)r(0) + b N\ OlimE [ 80 (¢ 4+ 0 — 5)So(h)F(yx(s)) ds.
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First, we show that the family {yx(¢), A € A} is equicontinuous, for each

t > r. Using the Lipschitz condition on F', one shows that

{F(yx(s)), s €[0,t] and A € A} is bounded by a constant, say K.
Let \€ A,0<c<t—rand —r < <60 <0. Observe that

- s>) So(h)F (ya(s)) s
—5)) So(h)F(ya(s)) ds|

IA((O) ~ 5a(O@)] < |S4(t +0)2r(0) = Sh(t +D)iea(0)
+h N Olim | [ Sh(t+ 6 = 5)So () F(ya(s) d
+h\0hmﬁ‘ ”p (S{)(t—i—ﬁ—s)—SO(t—i—
+h N\, Olim ‘”b‘ (Sot—l—H—s) St +

6
0

] (t+ 0) — Sot—|—9H|<p,\ |+Mge“’0tkK‘9 0‘+02M06W0tkK
+ts e {O t+9—c]sup”50 t+60—s)— So(t+0—s H/{:K

If we take ‘9 -0 ‘ small enough, it follows from the uniform continuity of

Sy() = [a,t] — L(D(Ap)) for 0 < a < t, the claimed equicontinuity of
{yk(t)v DS A}

On the other hand, the family {S{(¢t + 6)px(0); A € A} is precompact,
for each ¢ > r and 6 € [—r,0]. We will show that, for each t > r and

6 € [-r,0].
d t+6
{/ So(t + 0 — s)F(yx(s)) ds; /\GA}
dt Jq
is precompact.

Observe that for O <e<t+ 0 and A € A

1 t+6

- Syt + 0 — )So(h)F(ya(s)) ds

< eMpe* kK.

t+0—c

Then, if A tends to zero we obtain

t+60
d/ So(t + 0 — 8)F(yx(s)) ds| < cMye* 'k K. (14)
dt t+0—c
ForO<c<t+60and X € A,
t+0—c t+6
/ So(t+0 — s)F(yx(s))ds = So(s)F(yx(t+6 —s))ds.
0 c
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By lemma 28, if 0 < ¢ <t+ 6 and A € A, then

{jt /OHH Solt +6 — s)Fya(s)) ds, A e A}

is precompact in X, for each ¢t > r and 6 € [—r,0]. This fact together with
(14) yields the precompactness of the set

40
{dt 0 So(t +0 — s)EF(ya(s)) ds, AEA},

Using the Arzela-Ascoli theorem, we obtain the result of Theorem 29 H
Consider now the linear autonomous functional differential equation

{ u'(t) = Aou(t) + L(ur), t >0, (15)

up = @,

where L is a continuous linear functional from Cx into X.

Given ¢ € Cx. It is clear that there exists a unique function
z := z(.,¢) : [0,400) — Cx which solves the following abstract integral
equation

t ~
()= swp+ 5 ([ Se- L)), forezo
dt \ Jo
(16)
Theorem 30 The family of operators (U(t)),>, defined on Cx by
Ut)p = 2(t,¢),

s a locally Lipschitz continuous integrated semigroup on Cx generated by
the operator P defined by

D(P) = {peCl([-r,0],X); ¢(0) € D(A),
¢'(0) = Agp(0) + L ()},

/

Ppo= ¢
Proof. Consider the operator
L: Cx — 5X

defined by _
L(¢) = XoL(¢p).
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Using a result of Kellermann [51], one can prove that the operator G defined
in Cx by

D(G)= D(A),
G = A+1L,

where A is defined in Proposition 15, is the generator of a locally Lipschitz
continuous integrated semigroup on Cly, because A satisfies (HY) and L €
L(Cx,Cx). N
Let us introduce the part G of G in Cx, which is defined by :
{ D(G) = {90 € D(G); Gy e Cx} ,
Glp)= G(o).

It is easy to see that

G=P.

Then, P is the generator of a locally Lipschitz continuous integrated semi-

group (V'(t));»q on Cx.
On the other hand, if we consider, for each ¢ € Cx, the nonhomogeneous
Cauchy problem

dz =
{ () iAz(t)+h<t>, for ¢ >0, (17)

where h : [0, +00[ — Cx is given by
h(t) = ¢ + L(V(t)p)-

By Theorem 13, the nonhomogeneous Cauchy problem (17) has a unique
integral solution z given by

t~
z(t) = jt</5t—shs )ds

)
_ dt</5t5¢ds> (/StonL(V())d)

2(t) = S(t)p + — </St—s)X0L(V() )ds).

Then,
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On the other hand, Proposition 6 gives

t
V(t)p =P (/ V(s)e ds) + to.
0
Moreover, for ¢ € D(P), we have
Py = A+ XoL (¢) .

Then, we obtain

vm¢zﬁ<gvgm@>+x¢<[va@>+w.

V@¢:K<KV@W@>+A%QM&

Hence, the function ¢t — V(t)¢ is an integral solution of Equation (17). By
uniqueness, we conclude that V(t)p = z(t), for all ¢ > 0. Then we have
U(t) = V(t) on Cx. Thus the proof of Theorem 30 W

Let B be the part of the operator P on E. Then,

So,

DB) = {pec([-r,0],X); ¢(0) € D(Ay), ¢'(0) € D(Ag)

¢'(0) = Aop(0) + L (9)},
Be= .

Corollary 31 B is the infinitesimal generator of the Co—semigroup (U'(t))i>0
on E.

Proof. See [64] W

Corollary 32 Under the same assumptions as in Theorem 29, the linear
Co—semigroup (U'(t))i>0 is compact on E, for every t > r.

To define a fundamental integral solution Z(t) associated to Equation
(15), we consider, for ¢ € Cx, the integral equation

~ _d b
z(t) = S(t)p + o </0 S(t—s)XoL(2(s)) ds> , fort>0. "

One can show the following result.
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Proposition 33 Given ¢ € C~X, the abstract integral equation (18) has a
unique solution z := z(.,p) which is a continuous mapping from [0, +00) —

Cx. Moreover, the family of operators (ﬁ(t)) . defined on Cx by
t>

Ut)p = z(t,¢)

is a locally Lipschitz continuous integrated semigroup on Cx generated by
the operator G defined by

D(G) = D(A),
Go= A+ XoL(p).

For each complex number A\, we define the linear operator
A(N): D(Ap) — X

by
ANz = x — Agz — L (e’\'a:) , x € D(A).

A

where e*'z : [-r,0] — Cx, is defined for z € X by (note that we consider

here the comlexification of Cx)
(e’\'x> 0) = M, 0 €[-r0].

We will call A a characteristic value of Equation (15) if there exists x €
D(Ap)\{0} solving the characteristic equation A(A)z = 0. The multiplicity
of a characteristic value A of Equation (15) is defined as dim KerA(\).

We have the following result.

Corollary 34 There exits w € IR, such that for A > w and c € X, one has
(A — G) " (Xoc) = eMAN) e
Proof. We have, for A > wyg
AN = (A — Ag) (1 — (M — Ag) ! L(e’\'I)) .
Let w > max(0,wp + My ||L||) and

Ky = (M — Ag) ' L(eM ).
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Then,

KA <

M,
M<1, for A > w.
A —wp

Hence the operator A()\) is invertible for A > w.
Consider the equation
(M — G)(eMa) = Xoc,
where ¢ € X is given and we are looking for a € D(Ap). This yields
Aete — Mo+ X ()\c — Agc— L (e)"c» = Xpa.

Then, for A > w
c=A)""a.

Consequently,

()\I _ é>_1 (Xoc) = AN m

Corollary 35 For each ¢ € X, the function ﬁ(.)(Xoc) satisfies, fort > 0
and 0 € [—r,0], the following translation property

(T (x00)) (0) = { SU (t+0)(Xo0)) (0), ziz i 8f
We can consider the following linear operator
Zt): X = X
defined, for t > 0 and ¢ € X, by

Z(t)e = U(t)(Xoc)(0)

Corollary 36 Z(t) is the fundamental integral solution of Equation (15);
that is

“+o0o
AN = )\/ e MZ(@t)dt,  for A > w.
0
Proof. We have, for c€ X

(M -G) " (Xoe) = A e
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Then

AN Tle = )\/OJFOO e (ﬁ(s)(Xm:)) (0) ds = /\/:Oo e Z(s+ 0)cds.
So,

—+00
AN te= )\/ e MZ(t)cdt MM
0

It is easy to prove the following result.

Corollary 37 If c € D(Ayp) then the function
t— Z(t)C

is differentiable for all t > 0 and we have
+00
AN e :/ e MZ'(t)edt.
0

Hence the name of fundamental integral solution.

The fundamental solution Z'(t) is defined only for ¢ € D(Ap) and is
discontinuous at zero. For these reasons we use the fundamental integral
solution Z(t) or equivalently U(.)(X).

We construct now a variation-of-constants formula for the linear nonho-
mogeneous system

u/'(t) = Aou(t) + L(w) + f(t), t =0, (19)

or its integrated form

y(t) = 5" (t)p + % </0 S(t — s)XoL [(y(s)) + f(s)] ds> , fort>0,

(20)
where f : [0, 4+00) — X is a continuous function.
Theorem 38 For any ¢ € Cx, such that p(0) € D(Ay), the function
y : [0, +00) — X defined by
d [t~
o(0) =V + 5 [ Dlt =) Xof(5)ds, (21)
0

satisfies Equation (20).
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Proof. It follows immediately from Theorem 18 and Corollary 19 that, for
v € Cx and ¢(0) € D(Ap), Equation (20) has a unique solution y which is
the integral solution of the equation

{ Y (t) = Ay(t) + Xo [L(y(1)) + f()], t>0,
y(0) = ¢.

On the other hand, D(A) = D(G) and G = A+ XoL. Then, y is the integral
solution of the equation

{ Y (t) = Gy(t) + Xof(t), >0,
y(0) = .

Moreover, we have

D(G) =D(P)={peCx, ¢(0)eD(A)}=F,

and the part of G in Cx is the operator P. Then ¢t — U(.)¢ is differentiable
in ¢ > 0 and Theorem 13 implies

W) = U0+ 31 [ U= 9)%of(5)ds mm

5 Principle of linearized stability

In this section, we give a result of linearized stability near an equilibrium
point of Equation (1) in the autonomous case, that is

{ %@ = Aou(t) + F(uz), t20, (22)
Uup = .

We make the following hypothesis :
F' is continuously differentiable, F'(0) = 0 and F' is satisfies the Lipschitz
condition

|[F(¢1) — F(p2)| < L1 — @2l , for all 1,92 € Cx,

where L is a positive constant.
Let T(t) : E — E, for t > 0, be defined by

T(t)(p) = u(., ),
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where u(., ) is the unique integral solution of Equation (22) and

E={<P€CX, w(O)GM}-

We know that the family (7'(¢)),~, is a nonlinear strongly continuous semi-
groups of continuous operators on E.

Consider the linearized equation of (22) corresponding to the Fréchet-
derivative D,F(0) = F'(0) at O :

du ,
= >
{ o (1) = Agu(t) + F'(O)ur, t>0, (23)
ug = ¢ € Cx,

and let (U'(t));>, be the corresponding linear Cp—semigroup on E.

Proposition 39 The Fréchet-derivative at zero of the nonlinear semigroup
T(t), t > 0, associated to Equation (22), is the linear semigroup U'(t), t > 0,
associated to Equation (23).

Proof. It suffices to show that, for each ¢ > 0, there exists § > 0 such that
|T(t) () = U'()¢|| < ellell, for [oll < 6.
We have

IT(t)(p) = U'()ell =6 € [=r,0lsup [(T(t)(¢)) (6) — (U'(t)) (O)],
=t+0 200 € [-r,0sup [(T(t)(¥)) (0) — (U'()¢) (O)],

and, fort +6 >0

It follows that

IT(t)() = U'(t)g| < Moe“’ot/o e % |[F(T(s) () — F'(0)(U'(5))| ds

and

IT(t)(0) = U'(t)pll < Moee" (4e™* [F(T(s) () — F(U'(s)))l ds
+he 0 |[F(U'(s)) — F'(0)(U"(s))| ds) -
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By virtue of the continuous differentiability of F' at 0, we deduce that for
€ > 0, there exists 6 > 0 such that

/0 0 |F(U(s)p) = F/(O)(U'(s)p)] ds < e gl for [l <.

On the other hand, we obtain

[ e IPT) @) - PUds < L [ e [2(s)() - U)ol ds.
0 0

Consequently,

t
|T(t) () = U' ()| < Moe™" (el +L [ e || T(s)() — U'(s)g| ds | .
0
By Gronwall’s Lemma, we obtain
IT(8) () = U'(t)ep|| < Mog [|ip]| eFMoto)t,

We conclude that T'(¢) is differentiable at 0 and D,T'(t)(0) = U’(t), for each
t>0 |

Definition 40 Let Y be a Banach space, (V (1)), a strongly continuous
semigroup of operators V(t) : W CY — W, t >0, and o € W an equilib-
rium of (V(t));>q (i.e., V(t)xzo = o, for all t > 0). The equilibrium xqg is
called exponentially asymptotically stable if there exist 6 > 0,u > 0,k > 1
such that

|V (t)z — xo|| < ke ™™ ||& — x0|| for all x € W with ||z — x| < 6 and all t > 0.
We have the following result.

Theorem 41 Suppose that the zero equilibrium of (U'(t)),;~, i exponen-
tially asymptotically stable, then zero is exponentially asymptotically stable
equilibrium of (T'(t)),> -

The proof of this theorem is based on the following result.

Theorem 42 (Desh and Schappacher [41]) Let (V(t));o be a nonlinear
strongly continuous semigroup of type v on a subset W of a Banach space
Y, e

|V (t)xy — V(t)xsa| < M'ert lx1 — a2, for all z1,29 € W
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and assume that xo € W is an equilibrium of (V(t)),~, such that V(t) is
Fréchet-differentiable at xo for each t > 0, with Y (t) the Fréchet-derivative
at xg of V(t), t > 0. Then, (Y (t)),>, s a strongly continuous semigroup of
bounded linear operators on Y. If the zero equilibrium of (Y (), is expo-
nentially asymptotically stable, then xy is an exponentially asymptotically
stable equilibrium of (V(t)),-

6 Spectral Decomposition

In this part, we show in the linear autonomous case (Equation (15)), the
existence of a direct sum decomposition of the state space

E={cccx, «(0)eDA)}

into three subspaces : stable, unstable and center, which are semigroup
invariants. We assume that the semigroup (Ty(t)),~, on D(Ap) is compact.
It follows from the compactness property of the semigroup U’(t), for t > r,
on F, the following results.

Corollary 43 [60] For each t > r, the spectrum o(U'(t)) is a countable set
and is compact with the only possible accumulation point 0 and if p # 0 €
o(U'(t)) then u € Po(U'(t)), (where Po(U'(t)) denotes the point spectrum,).

Corollary 44 [60] There exists a real number § such that Re A < § for all
A € o(B). Moreover, if B is a given real number then there exists only a

finite number of A € Po(B) such that Re A > (3.
We can give now an exponential estimate for the semigroup solution.

Proposition 45 Assume that 0 is a real number such that Re X < & for
all characteristic values of Equation (15). Then, for v > 0 there exists a
constant k() > 1 such that

U (0| < k()T o, forallt >0, ¢ € E.
Proof. Let w; be defined by
Wy = inf{wGlR: t>OSup ‘”tHU H <+oo}
The compactness property of the semigroup (see [55]) implies that
w1 = s1(B) :=sup{ReA: X e Po(B)}.
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On the other hand, if A € Po(B) then there exists ¢ # 0 € D(B) such that
By = Ap. This implies that

p(0) = Mp(0) and  ¢'(0) = Aop(0) — L(p) with o(0) # 0.

Then, A(A\)p(0) = 0. We deduce that \ is a characteristic value of Equation
(15).

We will prove now the existence of A € Po(B) such that Re A = s1(B).
Let (An)n be a sequence in Po(B) such that Re A\, — s1(B) as n — +o0.
Then, there exists § such that Re A\, > § for n > ng with ng large enough.
From Corollary 44, we deduce that {\,:Re\, > [} is finite. So, the
sequence (Re)),, is stationary. Consequently, there exists n such that
Re A, = s1(B). This completes the proof of Proposition 45 W

The asymptotic behavior of solutions can be now completely obtained
by the characteristic equation.

Theorem 46 Let 6 be the smallest real number such that if A is a char-
acteristic value of Equation (15), then ReX < 4. If § < 0, then for all
e E, U {#)¢l — 0 ast — 4oo. If § = 0 then there exists ¢ € E\{0}
such that ||U'(t)p|| = ||¢|| for all t > 0. If § > 0, then there erists ¢ € E
such that |[U'(t)e|| — 400 as t — +o0.

Proof. Assume that § < 0, then we have w; = s1(B) < 0 and the stability
holds. If § = 0, then there exists z # 0 and a complex A such that ReA =10
and A(A)z = 0. Then, A € Po(B) and e € Po(U’(t)). Consequently, there
exists ¢ # 0 such that
U'(t)p = eMo.

This implies that [|U’(t)¢|| = ||e*¢p|| = [|¢]| . Assume now that § > 0. Then,
there exists x # 0 and a complex A such that Re A = § and A(A\)z = 0. Then,
there exists ¢ # 0 such that |[U’(t)¢|| = € ||¢| — 400, as t — 4o00. This
completes the proof of Theorem 46 W

Using the same argument as in [67], [section 3.3, Theorem 3.1}, we obtain
the following result.

Theorem 47 Suppose that X is complex. Then, there exist three linear
subspaces of E denoted by S, US and CN, respectively, such that

E=SeoUS®CN

and
(i) B(S) c S, B{US)cUS and B(CN)C CN;
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(ii) US and CN are finite dimensional;

(iii) Po(B |vs) ={X € Po(B) : ReA > 0}, Po(B |cn) = {X € Po(B) : ReA = 0};
(iv) U'(t) (US) c US, U'(t) (CN) c CN, fort € R, U'(t)(S) C S, for
t>0;

(v) for any 0 < v < a := inf {|Re A\| : A € Po(B) and Re X # 0}, there ex-

ists M = M(vy) > 0 such that

1T (t) Pyse|| < Mef |Pusell, t<0,
U’ (t)Pongl| < Mes' ||Pongl, teR,
|U'(t) Pspl|| < Me™" || Psy]| , t>0,

where Pg, Pys and Poy are projections of E into S, US and CN respec-
tively. S, US and CN are called stale, unstable and center subspaces of the
semigroup (U'(t)) -

7 Existence of bounded solutions

We reconsider now the equation (19) mentioned in the introduction. For the
convenience of the reader, we restate this equation

d
{ ) = Aou(t) + Lw) + £ (1), =
Uy =Y € CX7
and its integrated form
d [t~
u =U'(t)p + dt/ U(t—s)Xof(s)ds, fort>D0. (24)
0

where f is a continuous function form R into X.
Thanks to Lemma 17, we will use the following integrated form of Equa-
tion (19), which is equivalent to (24) :

t —
u=U(t)p+ X\ — —I—oolim/ U'(t — s)ByxXof(s)ds, fort >0,
° (25)

where the operator By : (Xo) — Cy is defined by
I°N ) 7! A 1
BaXoc = A ()\I - G) (Xoc) = AeMAN) e,  ce X.
We need the following definition.
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Definition 48 We say that the semigroup (U'(t)),>q is hyperbolic if
a(B)NiR = 0.

Theorem 47 implies that, in the hyperbolic case the center subspace C'N
is reduced to zero. Thus, we have the following result.

Corollary 49 If the semigroup (U'(t)),> is hyperbolic, then the space E is
decomposed as

E=SaoUS

and there exist positive constants M and ~y such that

U @)l < Me [, >0, €S,
1T ()l < Me el t<0, pcUS.

We give now the first main result of this section.

Theorem 50 Assume that the semigroup (U/(t))tzo s hyperbolic. Let B

represent B(R™), B(R") or B(R), the set of bounded continuous functions
from R™, R™ or R respectively to X. Let 7 : B — B be a projection onto
the integral solutions of Equation (15) (for any ¢ € E) which are in B.
Then, for any f € B, there is a unique solution Kf € B of Equation (25)
(for some ¢ € E) such that tTKCf =0 and K : B — B is a continuous linear
operator. Moreover,

(i) for B= B(R™), we have

m(B)= {z:R~ — X, there exists ¢ € US
such that x(t) = (U'(t)p) (0), ¢t <0}

and
— S
(Kf)r= s — —oolimA\ — +oolim f; Ut —r) B/\Xﬂf(T)) dr+
— S
A — poclim [} Ut — 7) (BaXof (7)) dr.
(ii) For B = B(R™"), we have

m(B) = {x:R" — X, there exists p € S
such that x(t) = (U'(t)p) (0), t>0}
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and
(Kf)e= A— -+oclim [/t - ) (BaXof()) dr+
s — +oolimA — foolim [} U'(t — 7) (EEXof (T)) "
(iii) For B = B(R), we have
m(B) = {0}
and
(Kf)e= s — —oolimA — +oclim [T U'(t — 7) (BKXof(T))SdﬁL
s = oclimA — +octim [ U7(¢ ) (B f(n)

Proof. Theorem 47 implies that the space US is finite dimensional and
U'(t)(US) CUS. Then,

{z: R~ — X, there exists ¢ € US such that z(t) = (U'(t)¢) (0), t <0}

C 7(B(R7)). Conversely, let ¢ € S and u(.,¢) be the integral solution
of Equation (15) in S, which is bounded on R™. Assume that there is a
t € (—o0,0] such that u(.,¢) # 0. Then, for any s € (—o0,t), we have

ut('a W) = U,(t - S)US('7 90)
Thanks to Corollary 49 we have
e ()| < Me N fug( @), s <t
Since us(., ) is bounded, we deduce that us(., ) = 0. Therefore,

m(B(R7)) C {z:R~ — X, there exists ¢ € US
such that z(t) = (U'(t)¢) (0), t<0}.

In the same manner, one can prove the same relations for B(R™') and B(R).
Let f € B(IR7) and uw = u(.,¢, f) be a solution of Equation (25) in
B(R™), with initial value ¢ € E. Then, the function u can be decomposed
as
Uy = u,y 5+ uf ,

where V% € US and uf € S are given by

t — Us
ugjs _ U/(t— S)ugs-f-)\ _ +OOhII1/ U,(t—’T) (B)\XOf(T)) dr, fort,s €,
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t ~ S
u? =U'(t — s)u + X — +oolim/ U't—r) (B)\Xof(’r)) dr, for s <t <0,
’ (27)

since U’(t) is defined on US for all t € R. By Corollary 49, we deduce that

t —~ S
uf = s — —oolim\ — —|—oolim/ U't—r) (B)\Xof(T)) dr, fort<O0.
’ (28)

M
7 € (—oo,Ofsup [ f(7)[, t<0. (29)
We have proved that

, Us . £ — Us
ug = U'(t)p"° + X — +oolim [; U'(t — 1) (B)\Xof(’]')> dr+
—~ S
s — —oolimA\ — 4oolim fst U't—r) (B,\ng(T)) dr, for ¢ (30)

We obtain also, for ¢ < 0, the following estimate

/ Us : Crrrey o s
U't)e" + A — +oolim [ U'(t — 7) (BxXof(1)) dr| <

Me ||US|| + MM 7 € (—o0,0)sup || £(7)]| - (31)

Conversely, we can verify that the expression (30) is a solution of Equation
(25) in B(IR™) satisfying the estimates (29) and (31) for every ¢ € E.

Let u = u(., "%, f) be defined by (30) and let £ : B(R™) — B(R™) be
defined by Kf = (I — m) u(.,0, f). We can easily verify that

u(- 9U8,0) = U' ()%,
(I - 7'(') u(wQOUS?O) = Oa
w9V, F) = ul, ¢%,0) +u(.,0, f).

Therefore, K is a continuous linear operator on B(IR™), K f satisfies Equation
(25) for every f € B(R™), 7K = 0 and K is explicitly given by Theorem 50.
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For B(R") and B(R) the proofs are similar. This completes the proof
of Theorem 50 W
We consider now the nonlinear equation

%(t) = Aou(t) + L(ug) + g(t, uy), (32)

and its integrated form
t —_—
uw=U{#)p+\— —|—oolim/ U'(t — s)BxXog(s,us)ds, (33)
0

where ¢ is continuous from R x Cx into X. We will assume that
(H1) ¢(¢,0) = 0 for t € R and there exists a nondecreasing function « :
[0, +00) — [0,4+00) with A — Olima(h) = 0 and

llg(t, 1) — g(t, 02)|| < a(h)[lpr — @2l forer, w2 € E, [Jp1]],[Jp2]] < h and
t € R.

Proposition 51 Assume that the semigroup (U'(t)),> is hyperbolic and the
assumption (H1) holds. Then, there exists h > 0 and € € |0, h[ such that
for any ¢ € S with ||¢|| < e, Equation (33) has a unique bounded solution
w: [—r,400) — X with ||u|| < h fort >0 and uy = .

Proof. Let ¢ € S. By Theorem 50, it suffices to establish the existence of
a bounded solution u : [—r,+00) — X of the following equation

—~ S
u = U'(t)p + A — +oolim fg Ut—r) (B/\Xog(T, uT)> dr+
— Uus
s — 4oolim\ — +oolim fst U't—r) (B,\Xog(’i', u7)> dr.

Let (u(™),en be a sequence of continuous functions from [—7, 4+00) to X,
defined by

= Ut s
W = w@¢+AH+mmmgwa—ﬂ(%Xwﬁw@0 dr+
—~ Us
s — +oolimA — +oolim fst U/(t — 7') (BAXog(T, Us—n))) dr.

S
It is clear that (uén)) = . Moreover, we can choose h > 0 and ¢ € |0, h[

small enough such that, if ||¢|| < e then Hugn)H < h fort>0.
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On the other hand, we have

-

< fot MMe =" a(h) ™ H dr+
f;roo MMe =" a(h) Hu(Tn) -b H dr.

So, by induction we get

Huﬁ”*” O

We choose h > 0 such that
QMM a(h) 1
— <

v 2’
Consequently, the limit u := n — +oclimu(™ exists uniformly on [—7, +00)
and wu is continuous on [—7, +-00). Moreover, ||u¢|| < h for t > 0 and uj = .

In order to prove that u is a solution of Equation (33), we introduce the
following notation

" —~ S
v(t) = |lu — U'(t)p — X\ — +oclim [LU'(t — 7) (BAXog(T, uT)> dr

—~ Us
—5 — +oolim\ — +oolim fst Ut—r) (BAXog(T, uT)> dr||.

We obtain
v(t) < Hut — ug

ot 5 SN ONK
+ ||A — Foolim [ U'(t — 1) (B,\Xog(T, uT)> - (B,\Xog(T, Ur )) dr

: ot o~ Uus O
+ ||s = +oolimA — +ocolim [ U'(t — 1) (B,\Xog(T, uT)) - (B,\Xog(T, Ur )) dr||.
Moreover, we have

ut—ugnﬂ)_ _”+1Z< (k+1) k)

It follows that

v(t) < 2h [1+W] k:—ntolz <W>k
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Consequently, v = 0 on [0, +00).
To show the uniqueness suppose that w is also a solution of Equation
(33) with ||w¢|| < h for ¢ > 0. Then,

i

H)\ — toclim [1U(t - 7) ((E;\Xog(T, wT))S - (E)}XOQ(T, u@))‘g) dr

_l’_

This implies

n OMMa(h)\"
Hwt — ug +1)H < 2h <7a()> — 0, asn— 4oo.

This proves the uniqueness and completes the proof B

8 Existence of periodic or almost periodic solu-
tions

In this section, we are concerned with the existence of periodic (or almost
periodic) solutions of Equations (25) and (33).

As a consequence of the existence of a bounded solution we obtain the
following result.

Corollary 52 Assume that the semigroup (U'(t)),sq is hyperbolic. If the
function f is w—periodic, then the bounded solution of Equation (25) given
by Theorem 50 is also w—periodic.

Proof. Let u be the unique bounded solution of Equation (25). The func-
tion u(. + w) is also a bounded solution of Equation (25). The uniqueness
property implies that u = u(.+w). This completes the proof of the corollary
|

We are concerned now with the existence of almost periodic solution of
Equation (25). We first recall a definition.

Definition 53 A function g € B(R) is said to be almost periodic if and
only if the set
{90 :0 € R},

where gy is defined by g, (t) = g(t + o), for t € R, is relatively compact in
B(R).
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Theorem 54 Assume that the semigroup (U'(t)),sq is hyperbolic. If the
function f is almost periodic, then the bounded solution of Equation (25) is
also almost periodic.

Proof. Let AP(RR) be the Banach space of almost periodic functions from
R to X endowed with the uniform norm topology. Define the operator @
by

(@) (1) = s — —oclim — +oclim [ U"(t — ) (BrXof (7)) (0)dr
+5 — ++oclimA — +oolim [*U'(t — 7) (IBKXof(T))US (0)dr, forteR.

Then, @ is a bounded linear operator from AP(R) into B(R). By a sample
computation, we obtain

Qf), =Q(f,), foroeR.

By the continuity of the operator @), we deduce that Q({f, : 0 € R}) is
relatively compact in B(R). This implies that if the function f is almost
periodic, then the bounded solution of Equation (25) is also almost periodic.
This completes the proof of the theorem.

We are concerned now with the existence of almost periodic solutions of
Equation (33). We will assume the followings.
(H2) g is almost periodic in ¢ uniformly in any compact set of Cx. This
means that for each € > 0 and any compact set K of Cx there exists I. > 0
such that every interval of length [, contains a number 7 with the property
that

t e RR,p € Ksup |lg(t +7,¢0) — g(t, @)|| <e.

We know from [39] that if the function ¢ is almost periodic in ¢ uniformly
in any compact set of Cx and if v is an almost periodic function, then the
function t — g(t, v;) is also almost periodic.

(H3) [lg(t, 1) = g(t, )|l < Killor —all,  t€R, ¢1,02 € Cx.
We have the following result.

Proposition 55 Assume that the semigroup (U/(t))tzo is hyperbolic and
(H2), (H3) hold. Then, if in the assumption (H3) K; is chosen small
enough, Equation (33) has a unique almost periodic solution.

Proof. Consider the operator H defined on AP(R) by

Hv = u,
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where u is the unique almost periodic solution of Equation (25) with f =
g(.,v.). We can see that there exists a positive constant Ky such that

||HU1—H’()2|| §K1K2HU1—U2H7 V1, V2 EAP(IR)

If K7 is chosen such that K1Ks < 1, then the map H is a strict contrac-
tion in AP(R). So, H has a unique fixed point in AP(R). This gives an
almost periodic solution of Equation (33). This completes the proof of the
proposition M

9 Applications

We now consider the two examples mentioned in the introduction. For the
convenience of the reader, we restate the equations.

Example 1
Ou , Oy a) = f(t telo,T 0,1
E(?a)_‘_%(aa)_f(aaaut('aa))v E[a ],CLE[,],
u(t,0) =0, te0,T7,
u(0,a) = (0, ), bcl-r0,acly. G

where T, 1 > 0, p € Cx :=C ([-r,0],X) and X =C([0,]], R).
By setting U(t) = u(t, -), Equation (34) reads

{ V/(t) = AV (t) + F(t,V;), tel[0,T7],
V(O) =%
where Ay : D(Ap) C X — X is the linear operator defined by

{ D) = fuec 0 B)5 o) =0}
Agu = —u/,

and F' :[0,T] x Cx — X is the function defined by

F(t,o)(a) = f(t,a,o(-,a)), forte[0,T], ¢ € Cx and a € [0,1].

We have D(Ap) = {u € C([0,1],R); u(0) =0} # X. Moreover,

p(Ao) = C,
H(AI . AO)’1H <l forA>0,

this implies that Ag satisfies (HY) on X (with My =1 and wy = 0).
We have the following result.



Theorem 56 Assume that F' is continuous on [0,T] X Cx and satisfies a
Lipschitz condition

[F(t, o) = Ft. ) < Llle—v[, t€[0,T] and ¢, € Cx,
with L > 0 constant. Then, for a given ¢ € Cx, such that
¢(0,0) =0,

there exists a unique function u : [0,T] — X solution of the following initial
value problem

anf(T_a+t7 T, UT—a-l-t('aT))dT? ifagty
u(t,a) = 90(0,&—t)+f;7tf(7'—a+t,7',uT_a_H(‘,T))dT, ifa>1t>0,
o(t,a), ift<0. (35)

Furthermore, u is the unique integral solution of the partial differential equa-
tion (34), i.e.

(i) u € Cx, fo ,)ds € CH([0,1], R (mdfo u(s,0)ds =0, fort € [0,T],
(it)

o [ t ‘
at,a) = § PO H&L/ (s,a)ds+/0 f(s,a,u(-,a)ds, iftel0,T],
o(t, a), ift e [—r,0].

Proof. The assumptions of Theorem 56 imply that ¢ € Cx and ¢(0,-) €
D(Ap). Consequently, from Theorem 18, we deduce that there exists a
unique function v : [0,7] — Cx which solves the integral equation (6).
It suffices to calculate each term of the integral equation (6).

Let (So(t))t>0 be the integrated semigroup on X generated by Ag. In
view of the definition of (Sy(t)):>0, we have

(A= 40)” )\/ e (S (t)x) (a) dt.
On the other hand, solving the equation
(M —Ap)y==x, where A >0, y€ D(Ap) and z € X,

we obtain

((M ~ Ay x) (a) = y(a) = /0 e Ma(a — t) dt.
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Integrating by parts one obtains

(()\I - AO)*%) (a) = e /Oax(t)dt v /Oa e A (/;tx(s)ds> dt.

By uniqueness of Laplace transform, we obtain

(So(t)) (a) {fo t(j()d’s éZii

Using Proposition 14, we obtain

fggo a)ds + [¢ (0, 7)dr, ifa<t+0,
(S(t)p) (0,a) = fego ,a ds+f " pw(0,7)dr, ifa>t4+62>0,
0 o(s,a) ds if t+6<0.

The assumption ¢(0,0) = 0 implies that S(-)p € C* ([0, T],Cx) and we have

d 0, ifa<t+0,
@(S(t)cp) (0,a) =< w(0,a—t—10), ifa>t+60>0,
o(t+6,a), ift+60<0.

Remark that the condition ¢(0,0) = 0 is necessary to have S(-)yp € C* ([0,T],Cx).
Let G : [0,7] — X (T > 0) be a Bochner-integrable function and con-
sider the function K : [0,7] — Cx defined by

t ~
K(t) = / So(t — 5)XoG(s) ds.
0
For a <t + 0, we have

Kt)(0,a0) = [I77(So(t+0—5)G(s))(a)ds,
= fotw “(JoG(s) (rydr)ds + [ (fj_t_HsG(s) (1) dT) ds.

For a >t + 6 > 0, we obtain

K(t)(8,a) = /OHG (/aateurs G (s) (1) dT) ds,

and for t + 60 < 0, we have K(t)(0,a) =0

o1



The derivation of K is easily obtained

JK Jo G(r —a+t+0)(7)dr, a<t+4,
Wno.a=3 [, G —atito@)dr, a>it0>0,
0, t+6<0.

If we consider the function u : [—7,T] — X defined by
— 'U(t)(o, ')7 ift > 0,
u(t,-) = { o(t,)), ift<o.

Corollary 20 implies that u; = v(t). Hence, u is the unique solution of (35).
The second part of Theorem 56 follows from Corollary 20 H

Theorem 57 Assume that F' is continuously differentiable and there exist
constants L, 3,~v > 0 such that

[F'(t, ) — ( DI < Lle—vl,
|DeF(t, ) = DeF(L, )| < Blle =9l
[DoF(t, 0) = F( D <vlle =

Then, for given @ € Cx such that

W cex. pl0)eC (0.0,
0(0,0) = 22(0,0) =0 and

)
dp

—(0,a) + a—i(o,a) = f(0,a,¢(-,a)), forae€[0,l],

the solution u of Equation (35) is continuously differentiable on [0,T] x [0, ]
and is equal to the unique solution of Problem (34).

Proof. One can use Theorem 22 (all the assumptions of this theorem are

satisfied).
Example 2
ou
E(t,l’):AU(t,CC)+f(t7I,Ut(,$)), te [07T]7 $EQ7
u(t,z) =0, te0,T], v € 09,
u(6,z) = (0, ), oel-r0, zen, (0

where 2 C IR"™ is a bounded open set with regular boundary 0f2, A is the
Laplace operator in the sense of distributions on €2 and ¢ is a given function

on Cy := C([-r,0],X), with X =C (Q, R).
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Problem (36) can be reformulated as an abstract semilinear functional
differential equation

{ VI(t) = AV (t) + F(t,V,), telo,T],
V(0) = o,

with

0):{UEC(§,R); AuEC(ﬁ,JR) and u =0 on@Q},
Agu = Au,

and F :[0,7] x Cx — X is defined by
F(t,o)(z) = f(t,x,p(-,x)) forte[0,T], ¢ € Cx and z € €.
We have D(Ag) = {uEC(Q]R) u=0 OHOQ},#X.

Moreover
p(Ao)C (0, +00)
H A — Ag)” H< 1 forA>0,

this implies that Ay satisfies (HY) on X (with My =1 and wp = 0).
Using the results of Section 77, we obtain the following theorems (the
all assumptions are satisfied).

Theorem 58 Assume that F is continuous on [0,T] x Cx and satisfies a
Lipschitz condition

[F(t, o) = F(t,9)| < Lllp =4[, t€[0,T] and ¢, 9 € Cx,
with L > 0 constant. Then, for a given ¢ € Cx, such that
Ap(0,-) =0, on 09,

there exists a unique integral solution u : [0,T] — X of the partial differential
equation (36), i.e.

(i) uelx, A (fo ds) €C (2 R) and fo )ds =0, on 09,

(id)

ift (0,17,

it — (0, ) —|—A<f0 (s, ) ds)—i—fo f(s,z,u(-, ) ds, andz et
’ (t,2) ift € [-r,0],
AT and x € Q.
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Theorem 59 Assume that F' is continuously differentiable and there exist

constants L, 3,y > 0 such that

Do F(t,0) = Do F(t, )| < vl — .

Then, for given ¢ € Cx such that

) _
a—f €Cx, Ap(0,)eC(QR),
©(0,-) = %—f(O, )=0 on 0 and
P _
57(0.2) = Ap(0,2) + (0,2, (-, 2)), forz € Q.

There is a unique function x defined on [—r,T| x Q, such that x = ¢ on
[—7,0] x  and satisfies Equation (36) on [0,T] x 2.
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